The minimal conductivity of graphene is a quantity measured in the DC limit. It is shown, using the Kubo formula, that the actual value of the minimal conductivity is sensitive to the order in which certain limits are taken. If the DC limit is taken before the integration over energies is performed, the minimal conductivity of graphene is 4/π (in units of e 2 /h) and it is π/2 in the reverse order. The value π is obtained if weak disorder is included via a small frequency-dependent selfenergy.
Introduction. The conductivity σ µµ of graphene varies with a gate voltage V almost linearly as σ µµ ∝ |V | with a minimal value of ≈ 4e 2 /h [1, 2] . While the linear behavior can be explained by the linear density of states of the quasi particles in graphene (Dirac fermions), there has been some confusion about the actual value of the minimal conductivity σ min . This confusion is twofold: one originates from the experimentally observed value that is roughly three times as big as most of the calculated values, the other one is related to the theoretical calculations that produced different values of σ min (calculated per spin and per valley): was obtained from the Kubo formula [3, 4, 6, 7] as well as from the Landauer formula [5, 8] , whereas σ min 2,3 were obtained from the Kubo formula only. All these results were calculated near the ballistic regime of the quasiparticles. The possibility to reach the experimentally observed values of the minimal conductivity by including long-range disorder due to charged impurities was also discussed recently [12] . The latter will not be considered in the subsequent discussion. Instead, it shall be explained that all the results in Eq. (1) can be obtained from the standard Kubo formula of nearly ballistic quasiparticles by taking limits in different order.
Frequency-dependent conductivity. The conductivity σ µν is given by the Kubo formula as a response to an external field with frequency ω. Here the representation given in Ref. [11] is used
where f β (ǫ) = 1/(1 + exp(βǫ)) is the Fermi function at temperature T = 1/(k B β). For the minimal conductivity only the real part of the diagonal conductivity σ ′ νν = Re(σ νν ) is of interest. After taking the limit α → 0, the ǫ ′ integration can be performed and gives
In the zero-temperature limit β → ∞ this becomes
The minimal conductivity σ min is obtained by taking the limit ω → 0 of σ ′ νν . It is tempting to ignore the ω dependence of the integrand and replace the right-hand side by the integrand at ǫ = ω = 0. It will be shown subsequently that this does not agree with the result, when we perform the energy integration first and take the limit ω → 0 later.
Dirac fermions. The Hamiltonian of Dirac fermions in 2D with wavevector (k 1 , k 2 )
describes the low-energy quasiparticles in graphene. σ j (j = 1, 2, 3) are Pauli matrices. H can be diagonalized as diag(k, −k) with k = k 2 1 + k 2 2 . The current operator transforms under Fourier transformation as
This means that the current operators for the Hamiltonian H in Eq. (3) is a 2 × 2 matrix with vanishing diagonal elements. The representation of j 2 in terms of energy eigenstates reads
Thus, the current j 2 does not depend on k but only on the polar angle. The trace term in the conductivity of Eq. (2) reads
After diagonalizing H this becomes
Now a soft Dirac delta function δ η (x) is considered with
The parameter η can be understood as the imaginary part of the selfenergy, created, for instance, by random fluctuations due to disorder [4] . Returning to Eq. (4), we obtain for −ω/2 < ǫ < ω/2 (with
where the prefactor π is a result of the angular integration of k 
Discussion of the results. The expression of the conductivity σ ′ 22 can be studied in several limits. As a first example, in Eq. (4) the limit ω → 0 is taken first and then the limit η → 0. Then the conductivity in Eq. (2) reads
In the next example the result in Eq. (6) The last result agrees reasonably well with the experimental observation of Ref. [1] if it is multiplied by 4, the factor that is taking care of the two-fold spin and the two-fold valley degeneracy of graphene.
In conclusion, the Kubo formula produces a non-universal value for the minimal conductivity in graphene. Depending on the order of limits, this quantity can vary over a wider range in units of e 2 /h.
